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The origins of Descartes’ method of normals 4611. Introduction
1.1. The origins of Descartes’ method of normals
The context within which the method of normals was invented and developed by Des-
cartes needs clarification.1 In contrast, the context for Descartes’ solution of the Pappus
problem is relatively well documented.2 The Cartesian correspondence does not provide
us with testimony concerning the method of normals prior to La Géométrie. In the latter,
the method of normals appears in the general context of a theory of geometrical curves
given by an algebraic equation.3
There is, however, an occurrence of the method of normals prior to La Géométrie, but it
is in the particular context of dioptrics,4 and at a date that is yet to be identified. This occur-
rence is in a collection of fragments that belong to the Excerpta Mathematica (Descartes,
1701a), published posthumously in 1701.
These fragments deal with a class of dioptric curves named “ovals” by Descartes in
La Géométrie. They are dated before 1629 by Tannery and contain calculations and
remarks that show that by this time Descartes already knew the rudiments of his method
of normals. Indeed, Descartes considers the normal and the tangent circle to a particular
curve he is seeking in connection with a refraction problem [Descartes 1701a, p. 311] and
plainly mentions “a general theorem for finding tangents” [Descartes 1701a, p. 316]. This
refraction problem, equivalent to an inverse normal problem, leads him, via the law of
refraction, to the construction of ovals.
At the time, determining the shapes of lenses that would bring rays to an accurate focus,
and thus produce a perfectly clear image for the observer, was an important concern, and it
explains Descartes’ interest in the refraction problem.1.2. Two different stages in Descartes’ method of normals
According to Descartes, the circle of center P that meets the curve in C is tangent to the
curve if and only if the point C is a double point (see Fig. 1).
Following Descartes, let AM ¼ x;CM ¼ y;CP ¼ s and AP ¼ v.
Pythagoras’ theorem gives
s2 ¼ y2 þ ðv  xÞ2: ð1Þ1 On Descartes’ method of normals, see [Galuzzi 1980; Panza 2005, pp. 84–92; Maronne 2007,
pp. 147–184].
2 For a study of the history of the Pappus problem in the Cartesian correspondence, see [Maronne
2007, pp. 95–104]. The dates and the protagonists are to be found in several letters dealing with this
famous problem.
3 One could thus risk the conjecture that when Descartes writes to a Jesuit (Dériennes according to
Adam-Tannery, from now on AT) in a letter dated by AT 22 February 1638 that “[la Géométrie] est
un traitté [qu’il] n’ [a] quasi composé que pendant qu’on imprimoit [ses] Meteores [so in 1634], &
mesme [qu’il] en [a] inventé une partie pendant ce temps-là,” he is referring to the invention of the
method of normals. Cf. [Descartes 1964–1974, I, p. 458 and p. 670]. One could infer from this that
Descartes incorporated the method of normals into La Géométrie in a hurry and that he had no time
to rework it.
4 Dioptrics is the branch of optics that studies the refraction of light for the purpose of constructing
accurate lenses.
Fig. 1. La Géométrie (1637), p. 341.
462 S. MaronneEliminating y (or x) between equation (1) and that of curve CE (in rectangular coordinates
referred to the axis AM) gives the equation PðxÞ ¼ 0, the roots of which give the abscissae
of the meeting points between the circle and the curve. This equation has a double root
when the circle is tangent. Therefore, we can write
PðxÞ ¼ ðx  eÞ2QðxÞ; ð2Þ
where QðxÞ is a polynomial with indeterminate coefficients. Then, by applying the so-called
method of indeterminate coefficients, we find v and s.
The calculations involved in the method of indeterminate coefficients will not be
described here because they are part of another story.5 These calculations are strictly alge-
braic6 and do not rely on a diagram. Even if they could be geometrically interpreted (using
Descartes’ schematism in the opening of La Géométrie), this interpretation would be largely
meaningless since any inferences that could be drawn would be purely metric and not posi-
tional.7 The scholars who claim that Descartes’ La Géométrie consists mainly of a theory of
algebraic curves8 tend to emphasize the algebraic component of Descartes’ method, since it
supports this algebraic interpretation. It is indeed true that both the method of normals and
the method of indeterminate coefficients were seminal for the mathematics of the 17th and
18th centuries.
But does the first part of the method, which relies on a diagram, deal with the same
“modern”9 algebraic features? I do not think so. I do not think, in particular, that one
can speak about a strictly algebraic elimination of equations in the first step of the
method, at least at the origin of the method. On the contrary, I think that we see here
a rather classical derivation (from a diagram) of relations between geometrical magni-
tudes, but in the modern Cartesian style of equations, rather than in the classical style
of proportions.5 This story is told in [Maronne and Panza forthcoming].
6 One should be cautious about what is intended by “algebra” and “geometry.” I emphasize here
the use of procedures in geometry grounded in arithmetical operations—such as Descartes’ algebra
of segments—and the connected theory of equations, which provide us with a “modern” definition
of algebra. For a detailed study of this issue, see Panza [2007].
7 In contrast, the procedures of so-called “geometrical algebra” in Book 2 of Euclid’s Elements,
such as the completion of a square, are meaningful in terms of constructions.
8 For example, see Giusti [1990].
9 The Cartesian modernity deals in particular with the process of “de-geometrization” of analysis
[Bos 2001, p. 426], which culminates in [Euler 1748].
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I first examine the relationship between Descartes’ method of normals and dioptrics in
La Géométrie, showing that the development by Descartes of his method of normals
occurred in the context of dioptrics. I then study in detail two of the fragments on ovals
in order to shed light on the different features of the method of normals and on its geomet-
rical origins. In particular, I assess the balance between the two kinds of algebra present in
Descartes’ method of normals, one geometrical and the other arithmetical, and show how
this balance differs between La Géométrie and these fragments, the former giving greater
emphasis on the method of indeterminate coefficients.
2. Dioptrics, ovals, and the method of normals
I begin by identifying the clues in La Géométrie that suggest a deep connection between
dioptrics, ovals, and the method of normals.
2.1. Measuring angles between curves and straight lines in La Géométrie
In his presentation in La Géométrie, Descartes stresses the problem of measuring angles
between curves and straight lines for those who aim to study algebraic curves. He writes,10 Th
diam
413].
11 Th
speak
uses
“lign
12 M
excer
13 Th
conte
naturEt enfin pour ce qui est de toutes les autres proprietés qu’on peut attribuer aux lignes cour-
bes,10 elles ne dependent que de la grandeur des angles qu’elles font avec quelques autres
lignes [i.e., straight lines11]. Mais [. . .] lorsqu’on peut tirer des lignes droites qui les coup-
pent a angles droits, aux poins ou elles sont rencontrées par celles avec qui elles font les
angles qu’on veut mesurer, [. . .] la grandeur de ces angles n’est pas plus malaysée a trou-
uer, que s’ils estoient compris entre deux lignes droites. C’est pourquoy ie croiray auoir
mis icy tout ce qui est requis pour les elemens des lignes courbes, lorsque i’auray gener-
alement donné la facon de tirer des lignes droites, qui tombent a angles droits sur tels de
leurs poins qu’on voudra choisir. Et i’ose dire que c’est cecy le problesme le plus utile, & le
plus general non seulement que ie scache, mais mesme que i’aye iamais desiré de scavoir
en Geometrie.12According to Descartes, the measure of the angle between a geometric curve and a
straight line at their meeting point is defined and determined by the measure of the angle
between the normal (and not the tangent) to the curve and the straight line.13 The problem
of measuring an angle can thus be reduced to the problem of finding a normal, and whene properties mentioned previously by Descartes deal with the following problems: finding the
eters, axes, and centers of a given algebraic curve; quadratures. Cf. [Descartes 1637b, pp. 412–
e Cartesian use of the term “line” in La Géométrie leaves no doubt that here Descartes is
ing of straight lines. Descartes uses “ligne,” “ligne droite,” “ligne courbe,” “courbe.” When he
“ligne” alone, he always means a straight line except when he adds an adjective such as in
es plus composées.”
y emphasis. See [Descartes 1637b, pp. 341–342]. For an English translation of quotations
pted from La Géométrie, see [Descartes 1954].
e choice between the normal and the tangent for the measure of the angle depends on the
xt. The two choices are of course mathematically equivalent, but the context of dioptrics more
ally suggests the choice of the normal.
Fig. 2. La Dioptrique (1637): Discours second: De la réfraction, p. 21.
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to both problems. Note, in particular, the phrase of “les angles qu’on veut mesurer,” which
Descartes also used in La Dioptrique. The phrase is significant because it presents an idea
that is quite alien to the classical geometry of Euclid’s Elements, in which angle is consid-
ered as a magnitude.
In the second discourse of La Dioptrique [Descartes 1637a], Descartes writes that the
respective inclinations of the angle of incidence and of the angle of refraction have to be
measured by the straight lines that are the sines of those angles, since their ratio is invariant,
which is not the case for the ratio between the angles (see Fig. 2):14 I.e
15 Fo
16 MSeulement faut-il prendre garde que cette inclination se doit mesurer par la quantité des
lignes droites comme CB ou AH, & EB ou IG14 non par celle [the quantity] des angles, tels
que sont ABH ou GBI [. . .] Car la raison ou proportion qui est entre ces angles, varie a
toutes les diverses inclinations des rayons; au lieu que celle qui est entre les lignes AH &
IG ou semblables, demeure la mesme en toutes les refractions qui sont causées par les
mesmes cors. [Descartes 1637a, p. 21]It was the primary aim of La Dioptrique,15 which relies on La Géométrie and the method
of normals, to prove that ovals are the solution to the refraction problem. It thus seems
clear that Descartes’ method of normals originated in his work on dioptrics.
2.2. The ovals in La Géométrie
The third curve in La Géométrie to which Descartes applies the method of normals is an
oval (see Fig. 3). It is perhaps not insignificant that the diagram used by Descartes in this
case is exactly the diagram he uses to illustrate the method in general.
Descartes justifies his choice of an oval and also, more generally, the usefulness of his
method of normals, as follows:Au reste, afin que vous scachiés que la consideration des lignes courbes, icy proposée, n’est
pas sans usage [i.e., finding the normal of geometrical curves], & qu’elles ont diverses pro-
priétés qui ne cedent en rien a celles des sections coniques, je veux encore adiouter icy
l’explication de certaines Ovales, que vous verrés estre tres utiles pour la Theorie de la
Catoptrique & de la Dioptrique.16., the sines of angles. See Fig. 2.
r a detailed study, see [Scott 1952, pp. 27–63].
y italics. Cf. [Descartes 1637b, p. 352].
Fig. 3. The example of an oval in Descartes’ method of normals. La Géométrie (1637), p. 344.
The origins of Descartes’ method of normals 465The definition of the oval given by Descartes is neither that of an algebraic equation
between abscissa x and ordinate y, nor, exactly, that of the equation in bipolar coordinates,
but instead it is a proportion equivalent to the latter [Descartes 1637b, p. 344],
CF FA : GA GC ¼ d : e; ð3Þ
which Descartes explains as follows:17 De
1637b
18 In
linear
provi
interpMesme encore que les poins de la ligne courbe ne se rapportassent pas en la facon que iay
ditte a ceux d’une ligne droite [i.e., “Cartesian” coordinates], mais en toute autre qu’on
scauroit imaginer, on ne laisse pas de pouvoir tousiours avoir une telle équation [the
equation in v]. Comme si CE est une ligne, qui ait tel rapport aux trois points F, G, &
A, que les lignes droites tirées de chacun de ses points comme C, iusques au point F, surp-
assent la ligne FA d’une quantité [z], qui ait certaine proportion donnée à une autre quan-
tité dont GA surpasse les lignes tirées des mesmes points iusques à G. [Descartes 1637b,
p. 344]Thus if z is the “indeterminate quantity”,17 AF ¼ c, and AG ¼ b, then
FC ¼c þ z;
CG ¼b  e
d
z: ð4Þ
The equation of an oval in bipolar coordinates is then
r þ d
e
q ¼ c þ d
e
b; ð5Þ
where r ¼ FC and q ¼ CG, and z can be interpreted as playing the role of a parameter.18
It is not so surprising that Descartes does not give the Cartesian equation for an oval
(which we can readily derive), since it is a quartic equation. It is much more complicated
than the first-degree equation in bipolar coordinates and it would be much less convenient
to apply the method of normals to it.scartes writes: “en sorte que si cette quantité qui est indeterminée se nomme z” [Descartes
, p. 344].
modern terms, the bipolar coordinates are parameterized by z. Since the parameterization is
, z can also be geometrically interpreted via the ray vectors. Because Descartes does not
de this geometrical interpretation and z is not represented in the diagram, I claim that
reting z as a parameter is essentially faithful to Descartes.
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The fragments dealing with ovals belong to a collection of Cartesian “mathematical
excerpts” entitled Excerpta ex MSS. R. Des-Cartes [Descartes 1701a]19 that were published
in the Opuscula Posthuma [Descartes 1701b].20 These undated fragments are composed of
three draft essays that are entitled X. Ovales Opticœ quatuor, XI. Earum Descriptio & Tactio
and XII : Earumdem Octo Vertices, Horumque Usus [Descartes 1701a, resp. pp. 310–312,
312–320, 320–324].
Tannery conjectures that the fragments were written before 1629 “when Descartes, who
already held the law of refraction, was studying mathematically the problem of the shape of
lenses before turning to application.”21 Tannery does not ground his conjecture in decisive
arguments, at least explicitly. Nonetheless, it is certain that these fragments were written
prior to La Géométrie, since they provide drafts of the study on ovals in Descartes’ tract.
Only a few studies have been published about Descartes’ fragments on ovals, beginning
with Tannery’s pioneering article [Tannery 1899] and his éclaircissements, which were used
after his death by Charles Adam in the edition [Descartes 1964–1974, X, pp. 325–328].22
More recent publications include [Hara 1985]23 and [Rashed 2005].24 The scarcity of such
works is due to the difficulty of editing (and interpreting) these loosely put together drafts.25
Indeed, these texts are not only “first drafts”(premières ébauches) but, as Tannery points
out, “such a character is reinforced by the disorder of their composition.”2619 For a textual analysis of the text and of its sources, see [Descartes 1964–1974, X, pp. 279–284 and
647–651; Otegem 2002, II, pp. 667–670; Descartes 2009, pp. 530–531]. In addition to the published
text, two manuscript copies exist: one in the Huygens collection in Leiden, the other in the Leibniz
collection in Hanover.
20 For a detailed description of the Opuscula Posthuma and of its sources, see [Otegem 2002, II,
pp. 657–678].
21 “à l’époque où Descartes, déjà en possession de la loi de la réfraction, étudiait mathématiquement
la question de la forme des lunettes avant de passer à l’application” [Descartes 1694–1974, X, p. 281].
22 In addition, there is a new edition of the Excerpta Mathematica that provides a French
translation with useful philological and mathematical comments by de Buzon and Warusfel in
[Descartes 2009, pp. 525–562].
23 In this difficult and stimulating article, Hara provides the reader both with a very detailed textual
study and with an analysis of the mathematical content.
24 In this article, Rashed proposes an elegant reconstruction of Descartes’ invention of ovals in the
context of infinitesimal geometry without using coordinates [Rashed 2005, pp. 333–338]. He also
presents another reconstruction of the solution given by Descartes to a similar problem stated by
Debeaune in 1638, which deals with a hyperbola in the frame of the theory of geometric curves as
developed in La Géométrie [Rashed 2005, pp. 344–345].
25 Hara, who criticizes AT’s edition, tries to tackle this issue in his article [Hara 1985, pp. 70–71 and
80–82]. See also the notes of de Buzon and Warusfel in [Descartes 2009, pp. 525–562]. In Sections 3
and 4, I will use and criticize some of Hara’s conclusions. The main problem in AT’s edition, as I see
it, is the lack of faithfulness to the original texts. Several editorial interventions are not mentioned
(adding diagrams, etc.), in particular that of adopting Leibniz’ arrangement of equations which are
given in Leibniz’s copy of the Excerpta [Descartes 1965–1974, X, p. 282]. Consequently, I provide the
reader with the original texts and diagrams of the 1701 publication where necessary.
26 Cf. [Tannery 1899, pp. 330–331]. Elsewhere, Tannery speaks of “suite d’essais du premier jet, avec
leurs erreurs et leurs maladresses ordinaires, et sans que les résultats définitifs aient été donnés”
[Tannery 1899, p. 333].
The origins of Descartes’ method of normals 467Descartes aimed at studying systematically the different classes of ovals and the different
configurations involved (according to the various positions assumed for the foci and for the
foot of the normal). Of the problems studied by Descartes, I study in detail two inverse nor-
mal problems, both of which require curves with a certain given property relating to their
normals (and derived from the law of refraction) to be found.
3. Descartes’ first attempt to solve an inverse normal problem
3.1. The statement of the problem and the finding of the curve
In the first fragment of Ovales Opticœ Quatuor,27 Descartes aims to solve the following
problem by algebraic analysis:28
Problem 3.1. Let the points A, B, C be given on a straight line, to find a curve whose apex is A,
axis AB and which is curved such that the rays which come from point B, after having been
refracted by this curve, pursue beyond, as if they had come from point C, or inversely.29
Descartes introduces the midpoint N of BC (see Fig. 4). NA ¼ a and NB ¼ b are given. He
labels the unknown DA ¼ x and supposes y to be such that
CEþ BE ¼ 2a  2y: ð6Þ
He then writes,27 Cf
Hara
28 Se
29 Th
lineaˆ,
venie
vel co
itself
30 M
indet
debet
31 Ne
32 Ha
param
rathex and y are two indeterminate quantities, one of which, [x] staying indeterminate, will
designate all the points of the curve line, and the other [y] will be determined in the
way which the curve shall be drawn.30Descartes thus states equation (6) a priori and seems to claim that the determination of
an algebraic equation between x and y leads to the solution of the dioptric problem.
Two difficulties immediately arise:
— Whereas the unknown x designates a segment of the figure, y appears to be a param-
eter without any explicit geometrical representation.31
— There is a mix-up between two different coordinate systems, namely the so-called
Cartesian (with the abscissa DA) and bipolar (with the ray vectors CE and BE).32. [Descartes 1701a, pp. 310–311]. This fragment is also studied in [Tannery 1899, pp. 334–335;
1985, p. 56; Rashed 2005, pp. 329–331].
e Figs. 4 and 8.
is and all following translations from Latin to English are mine. “Datis punctis A, B, C, in rectaˆ
invenire lineam curvam cujus vertex A, axis AB, & quœ ita sit incurvata, ut radii a puncto B
ntes, postquam in illaˆ passi erunt refractionem, pergant ulterius, tanquam si venissent ex puncto C,
ntra” [Descartes 1701a, p. 310]. I do not aim to interpret in detail either the dioptric problem
or Descartes’ formulation of it.
y translation: “[. . .] sint que x & y du quantitates indeterminat, quarum alterutra, manens
erminata, designabit omnia puncta line curv, & altera determinabitur ex modo describi
linea curva.” [Descartes 1701a, pp. 310–311].
vertheless, once again (see footnote 18), y can be geometrically interpreted via CEþ BE.
ra speaks of a “bizarre mix-up” and claims, wrongly I believe, that in Descartes’ draft the
eter y defines a family of ellipses (indeed, if y is supposed to be constant, we get an ellipse)
r than a single curve [Hara 1985, p. 56].
Fig. 4. An inverse normal problem: original diagram, Descartes [1701a], p. 9.
468 S. MaronneThere is therefore a question regarding the status of y. I claimed that it can be interpreted
as a parameter but it can also be regarded as a coordinate.33 Indeed, DA ¼ x and y being
given, one can draw an ellipse corresponding to equation (6). The intersection of this ellipse
with a vertical straight line passing through D determines a point of the oval.343.2. A generalization of conics
In the Cartesian historiography, Descartes’ discovery of ovals is regarded as a general-
ization of conics.35 More precisely, this generalization deals with three features of conics
and ovals: their equation, the problem to which they are a solution, and their construction.
If y is constant,36 the curve corresponding to equation (6) can be interpreted as an ellipse.
For instance, if y ¼ 0, its foci are B and C and its center is N.37 Thus Descartes’ choice of
equation (6) could have been done with the intent of generalizing the equation in bifocal
coordinates of the ellipse by supposing that the sum of the ray vectors (thus y) varies
according to the position of point E (thus x).
Another argument allows us to recognize such an intent. It is provided by the very nature
of the dioptric problem. Indeed, this problem generalizes the anaclastic problem to which
the ellipse is solution. In the anaclastic problem, the incident ray is supposed to be parallel
to the curve axis, i.e., the point from which the incident ray sets out is supposed to be at
infinity.
In the eighth Discourse of the Dioptrique,38 Descartes seeks the shape of refraction lenses
“in order to make [those lenses] the most perfect they can be”.39 Indeed, in order to get a
clear image in a telescope, it is necessary to design a lens that brings rays coming from a
light source to an accurate focus.40 Descartes shows that if the ellipse DBK (see Fig. 5) is
the section of a lens of material whose refractive index (rare to dense) is measured by33 I thank one of the two referees for putting forward this issue and the following explanation.
34 Descartes’ pointwise construction of the ovals in La Géométrie does not use the abscissa but
merely the ray vectors. See infra, Sect. 3.3.
35 See [Tannery 1899, p. 335] and [Hara 1985, pp. 56–62].
36 Or fixed, if one considers the previous pointwise construction of an oval.
37 With the previous pointwise construction, x ¼ 0, which gives the apex A of the oval.
38 Cf. [Descartes 1637a, pp. 89–121]. For more detail, see [Scott 1952, Chap. IV, pp. 51–56].
39 “pour les rendre les plus parfaits qui puissent estre” [Descartes 1637a, p. 165].
40 This is not the case for a spherical lens. Previously to Descartes, Kepler conjectured that the conic
sections would provide a solution. See [Scott 1952, p. 51].
Fig. 5. The anaclastic property of the ellipse in La Dioptrique (1637), Discours VIII, p. 92.
The origins of Descartes’ method of normals 469the ratio of the axis to the distance between the foci (i.e., DK : HI), then an incident ray at B
parallel to the axis of ellipse will be refracted through the farthest focus I [Descartes 1637a,
pp. 168–171].
Prior to its publication in La Dioptrique, Descartes had provided a demonstration of the
above result in a note in Isaac Beeckman’s Journal. This note, which is entitled Ellipsis in qua
omnes radiii paralleli concurrent in puncto medii densioris, is dated by Beeckman 1 February
1629.41
I differ from Tannery in surmising that Descartes’ study of ovals is posterior to this note,
and was made after or during the year 1629. Two arguments suggest (but not substantiate)
this hypothesis. First, Descartes deals in the fragments on ovals of the Excerpta Mathe-
matica with a more general problem than the one in Beeckman’s Journal (see Fig. 6)
and, second, he seems to rely on a generalization of the anaclastic problem, thanks to alge-
braic analysis.Fig. 6. The anaclastic property of the ellipse in Beeckman’s Journal [Descartes (1964–1974), X,
p. 339].
41 Cf. [Descartes 1964–1974, X, pp. 338–339]. It is undoubtedly Descartes’ demonstration.
Beeckman’s introductory title is “Ex scriptis D. DES CHARTES antè spè dicti ad verbum descripta.”
One may remark that it contains no trace of algebraic reasoning such as the demonstration found in
La Dioptrique [Descartes 1637a, pp. 168–170]. This note precedes another note that deals with a
similar property of the hyperbola: [Descartes 1964–1974, X, pp. 341–342].
Fig. 7. The oval with three foci: original diagram, Descartes [1701a], p. 10.
470 S. Maronne3.2.1. Hara’s reconstruction of the discovery of ovals by two combined gardener’s methods and
the third focus
The ovals can also be regarded as a generalization of conics with respect to their con-
struction. Hara puts emphasis on this idea and proposes a reconstruction of Descartes’ dis-
covery of ovals based on the use of two combined gardener’s methods. He substantiates this
hypothesis by a careful and detailed analysis of a fragment on ovals [Descartes 1701a,
pp. 311–312] that follows the problem I call Problem 3.1 [Hara 1985, pp. 57–60].
In this fragment, Descartes mentions the construction of an oval by using a string and
states a priori linear expressions in y with numerical coefficients for the ray vectors drawn
from three foci. Indeed, an oval has three foci.42 This third focus is not mentioned by Des-
cartes in La Géométrie43 and is only examined in the Excerpta Mathematica in the fragment
studied by Hara [Hara 1985, pp. 57–60] and in the fragment studied in Sect. 3.4. However,
the possibility of such a construction by string relies on a crucial fact not pointed out by
Descartes: the equidistance of two foci to the origin. Quoting Descartes,42 Se
43 De
ment
44 De
45 “D
trans
longi
DA ¼
I keep
entire
46 SeGiven the points (see Fig. 7) CA ¼ 5;BA ¼ 1 and AR ¼ 5, a curve AE is imagined to be
drawn from a string fixed44 to the focus C and going from C to E, to B, and from B com-
ing back to E, and then being extended to the infinite in the direction of H, so that [the
string] gets longer when the angle ERC is opened. One will always have
ER ¼ 5 þ 7y,
EB ¼ 1 þ 5y,
EC ¼ 5  3y,
DA ¼ 2yy þ 5y,
DE ¼ ﬃp  4y4  20y3 þ 4yy þ 20y.45Note that each pair of foci ðB;RÞ; ðC;RÞ; ðB;CÞ can be used to determine the oval.46
Hara claims [Hara 1985, pp. 57–58] that Descartes’ construction consists in combining two
gardener’s methods, namely to draw an ellipse with foci B and C, and to draw an hyperbolae Warusfel in [Descartes 2009, pp. 773–775] for a clear and detailed explanation.
scartes provides a construction similar to the one found in this fragment but without
ioning the third focus. See [Descartes 1637b, pp. 427–428; 2009, n. 126, pp. 741–742].
scartes [1701a] is corrected by AT: see [Descartes 1964–1974, X, p. 312].
atis punctis: CA ¼ 5;BA ¼ 1, & AR ¼ 5, imagineris describi curvam AE à fune affixo foco C &
eunte à C ad E, ad B, & à B redeunte ad E, ac deinde se extendete in infinitum versus H, adeo ut
or fiat prout aperitur angulus ERC. Erit semper ER ¼ 5 þ 7y;EB ¼ 1 þ 5y;EC ¼ 5  3y;
2yy þ 5y;DE ¼ ﬃp  4y4  20y3 þ 4yy þ 20y” [Descartes 1701a, pp. 311–312]. Note that
Descartes’ notation for the root sign here and in the following, i.e., the root sign extends to the
expression which follows it.
e Warusfel for a demonstration: [Descartes 2009, n. 77, p. 790].
Fig. 8. An inverse normal problem.
The origins of Descartes’ method of normals 471with fociB and R, by means of a tight string,47 each conic havingA as apex. This construction
is based on the assumption that the apex is equidistant from two foci, i.e.,AC ¼ AR, and leads
to a particular sort of ovals. According to Hara, by no longer making this assumption, Des-
cartes’ calculations would have led him to the discovery of “general” ovals.
However, a problem remains: how did Descartes find the linear expressions in y of the
ray vectors? Hara proves by elementary calculations that it is possible to derive such expres-
sions by assuming a linear relation between two ray vectors [Hara 1985, pp. 59–62]. The
calculations provided by Hara are straightforward when AC ¼ AR but intricate in the gen-
eral case when AC–AR [Hara 1985, §2.4, pp. 61–62].
I will comment later on Hara’s reconstruction (see Sect. 3.4) but now return to the first
fragment.
3.3. Descartes’ aborted investigation of the foot of the normal
Descartes writes (see Fig. 8):47 Se
ellips
48 M
descr
ducta
inclin
origin
Exce
HuygAnd in order to find this way [in which the curve shall be drawn], firstly I seek the point
F, from which, taken as center, I conceive the circle which touches the curve in point E to
be drawn; then I say that the line BE multiplied by FC is to CE multiplied by BF like HF
to FG, i.e. like the inclination of the refracted ray in one transparent medium to the incli-
nation of this same ray in the other medium.48Thus, Descartes claims that in order to find the solution curve, it is only necessary to find
the center of the tangent circle on the axis AB. In particular, he claims that
BE  FC : CE  BF ¼ HF : FG; ð7Þe [Descartes 1637a, pp. 89–91, 100–103] for the description of the gardener’s methods for the
e and the hyperbola.
y emphasis. “Qui modus ut inveniatur, quro imprimis punctum F, à quo ut centro concipio
ibi circulum qui tangit curvam in puncto E; deinde dico lineam BE ductam per FC esse ad CE
m per BF ut hHF ad FG, sive uti inclinatio radii refracti in uno medio transparenti ad ejusdem
ationem in alio” [Descartes 1701a, pp. 310–311]. The “h..i” indicates a variant. AT uses the
al publication of 1701 and a manuscript in Christiaan Huygens’ papers to edit Descartes’
rpta Mathematica. In the 1701 publication, the text “h. . .i” is missing. AT edits Christiaan
ens’s manuscript to provide the correct lection.
472 S. Maronnewhere FH and FG are perpendicular to BE and EG.
Such a proportion can be easily worked out using similar triangles.49 We find the same
claim in La Géométrie except that Descartes considers the segment AF instead of NF. There,
Descartes provides the reader with a synthetic demonstration. The expressions of the bipo-
lar coordinates of an oval according to a parameter y being given, he shows that the oval is
the solution of a dioptric problem equivalent to the one I deal with here [Descartes 1637b,
pp. 360–361].
According to the law of refraction, the ratio HF : FG is given, since HF and FG are respec-
tively the sines of the angle of incidence and of the angle of refraction. Let HF : FG ¼ dc and
NF ¼ v.50 The proportion (7) becomes
BE ðv þ bÞ
CE ðv  bÞ ¼
d
c
; ð8Þ
and v can be deduced from the ray vectors CE and BE:
v ¼ b  dCEþ cBE
dCE cBE : ð9Þ
Thus finding expressions for BE and CE in terms of x or y will also give an expression for
v in terms of x and y and vice versa.51
On the other hand, once we get the expressions for the ray vectors BE and CE in y, we can
work out a pointwise construction of ovals using only ray vectors and without making use
of abscissae, and thus “geometrize” the parameter y in bipolar coordinates.52 This is exactly
what Descartes does in La Géométrie [Descartes 1637b, pp. 424–427]. Did Descartes invent
this system of coordinates precisely in the fragments when he was seeking the solution curve
to the inverse normal problem?
3.3.1. The rudiments of Descartes’ method of normals
Descartes gives successively the expressions of BD;BD2;CD;CD2;BE;CE, and DE2 with-
out the corresponding calculations [Descartes 1701a, p. 311]. Nonetheless, Descartes’ rea-
soning is perfectly clear.53 By Pythagoras’ theorem
CE2  BE2 ¼ CD2  BD2 ¼ 4bða  xÞ: ð10Þ
Combining this equation with equation (6) gives
CE ¼ða  yÞ þ bða  xÞ
a  y
BE ¼ða  yÞ  bða  xÞ
a  y ; ð11Þ
and by Pythagoras’ theorem49 Respectively FHC and CED; FGB and BED. See Fig. 8.
50 My notation, which is consistent with that of Descartes in La Géométrie. In this fragment,
Descartes states that NF ¼ c. See infra Descartes’ text.
51 For an example, see the following problem under study and equation (24).
52 On this issue, see footnotes 18 and 31.
53 Descartes does not use parentheses, so he gets expanded expressions. For clarity’s sake, I give
modern factorized expressions. For an analysis of Descartes’ mathematical symbolism, see [Serfati
2005].
Fig. 9. Excerpta Mathematica (1701), p. 10.
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2ða  xÞ2
ða  yÞ2 þ 2bða  xÞ  ða þ b  xÞ
2
: ð12Þ
Descartes then writes (see Fig. 9),54 “F
produ
xx 
cc 
interp
Here
lectio
be “e
55 I hLet NF ¼ c and FE ¼ d; c and d ought to be found from ½DE2, since the equation, pro-
duced by the right-angled triangle FDE whose sides are determined, ought to be equalized
with xx  2ex þ ee, by simply making the difference ¼ x, and at the same time
e ¼ x;FD ¼ a  c  x or ﬃp xx þ aa þ cc  2ax þ 2cx  2ac.54Here, the fragment brusquely ends: either Descartes failed to finish his calculations, or he
judged them useless. This quotation appears to contain the first outline of an application of
a rudimentary version of Descartes’ method of normals. Indeed, Descartes denotes the
expression NF that relates to the subnormal and the normal EF by the letters c and d , as
if they were given segments. Then he explicitly states that the abscissa AD ¼ x of the point
E where the circle touches the curve is a double root of an equation generated by applying
Pythagoras’ theorem to a right-angled triangle whose sides are the normal, the subnormal,
and the ordinate.
Since the ordinate DE is given by equation (12), DN ¼ a  x, and thus FD ¼ a  x  v,
the equation whose double root is the abscissa of E is
ða  yÞ2 þ b
2ða  xÞ2
ða  yÞ2  2vða  xÞ  b
2 þ v2  s2 ¼ 0; ð13Þ
where55 v ¼ NF and s ¼ EF.
In order to find v by identifying such an equation with a double root equation, either x or
y must be eliminated, for example by assuming an (algebraic) expression for one in terms of
the other. It is geometrically “more natural” to choose to express y in terms x since the for-
mer is a parameter without any counterpart in the diagram, whereas the latter denotes a
segment of the diagram. However, algebraically speaking, it is more convenient to eliminate
y from the denominator, and thus assume an expression for x in terms of y. Descartes’
choice appears to be the “geometrical” one. First, he said previously that y should be deter-
mined; second, he generalized the equation in bifocal coordinates of the ellipse by findingiat nunc NF ¼ c & FE ¼ d , qu du c & d inveniend sunt ex eo, quod  quatio, quam
cit triangulum rectangulum FDE, cujus latera sunt determinata, debeat  quari huic
2ex þ ee, faciendo solum differentiam ¼ x, & simul he ¼ xi;FD ¼ a  c  x vel ﬃp xx þ aaþ
2ax þ 2cx  2ac” [Descartes 1701a, p. 311]. I give here a literal translation. I will give an
retation of the procedure described by Descartes in Sect. 4.4. The “h  i” indicates a variant.
again (see footnote 48) AT edits Christiaan Huygens’s manuscript to provide the correct
n (compare with Fig. 9). In Fig. 9 one can also notice that in Descartes [1701a] the lection may
¼ xe” rather than “e ¼ x0” as AT claims in his list of variants [Descartes 1964–1974, X, 648].
ave changed Descartes’ notations for NF. See footnote 50.
474 S. Maronnean expression for y in terms of x; and finally, when he introduced the double-root equation,
he spoke of x, not of y. However, making that choice led Descartes to what he thought was
a dead end, or at least that is how it appears, and he stopped his calculations. Nevertheless,
he managed to solve a similar inverse normal problem in the fragments. So how did he
arrive at the solution?
In the following section I attempt to provide a reconstruction of a solution based on the
alternative strategy, i.e., stating x in terms of y. Although this strategy is geometrically
unnatural, it is algebraically effective and it uses tools that Descartes had at hand. However,
it does rely on the premise that there was an algebraic turn in Descartes’ mathematical
practice.
3.4. Reconstructing a Cartesian solution
It is natural and convenient to suppose that the expressions (11) of vector rays BE and
CE are of degree 1 in y, and then to check if it is true. It is natural because CEþ BE is of
degree one owing to hypothesis (6). It is convenient because it allows the simplification of
expressions (11) and equation (13). Indeed, this gives
bða  xÞ
a  y ¼ f þ gy; ð14Þ
where f and g are indeterminate coefficients. But A is the apex of the curve and (6) is true
for x ¼ 0 and y ¼ 0. This initial condition immediately gives f ¼ b.
Eliminating x in equation (13) gives an equation of degree two in y:
y2 þ2ab þ 2b
2g þ 2bv  2agv
b þ bg2 þ 2gv y þ
a2  2abv þ bv2  bs2
b þ bg2 þ 2gv ¼ 0: ð15Þ
But this equation has to be identified with a double root equation in y in order to determine
v as Descartes recommends. But what does such an identification mean geometrically?
Indeed, y is a parameter and does not denote a line segment in the diagram like the abscissa
x.56
The fact that y is a parameter is an important issue that has not been previously
addressed in Cartesian historiography. In particular, I claim that Descartes was led by
his calculations to invent parameterized bipolar coordinates. He chose first to derive a dou-
ble root equation in x because it was more natural geometrically—as suggested by the last
equation he wrote—and he finally recognized that he had to derive a double equation in y
to find the abscissa of the foot of the normal.
Identifying equation (15) with an equation with a double root, y2  2ay þ a2, gives, by
considering the coefficient in y in the former equation,
v ¼ b  gðb þ gyÞ  ða  yÞ
gða  yÞ  ðb þ gyÞ : ð16Þ56 Here we lose the symmetry between the elimination of ordinate and abscissa in the case of
Cartesian coordinates. Even if the quantity y is determined from the ray vectors, it still remains in
La Géométrie an “indeterminate quantity.” See Sect. 2.2.
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v ¼ b  ðc  dÞðb þ gyÞ  ðc þ dÞða  yÞðc  dÞða  yÞ  ðc þ dÞðb þ gyÞ : ð17Þ
Identifying the above two expressions for v gives
g ¼ c  d
c þ d : ð18Þ
Note that g is not a quantity but a scalar. Indeed, in my calculations, there are no homo-
geneous expressions. Nonetheless, I could have written gh (in order to maintain homogene-
ity) and the calculations would have worked out the same.57
Finally, following hypothesis (14), the expressions for f and g give for equation (11)
CE ¼a þ b  2d
c þ d y;
BE ¼a  b  2c
c þ d y; ð19Þ
and the equation of the oval in bipolar coordinates is thus
CE d
c
BE ¼ AC d
c
AB: ð20Þ
According to the classification provided by Descartes in La Géométrie, this oval belongs to
the third genus and is cordiform (heart-shaped).58
Expressions for CE and BE can be derived using condition (6) Thus, an oval has been
found from among the solutions whose ray vectors are given by
CE ¼ a þ b  ky;
BE ¼ a  b  k c
d
y; ð21Þ
with k > 0. The “simplest” choices of k are k ¼ 1 and k ¼ d . Descartes uses the latter in the
fragment Earumdem Octo Vertices, Horumque Usus, where he proposes a classification of
ovals [Descartes 1701a, p. 320]. The former appears in other fragments and in La Géométrie
[Descartes 1637b, p. 416].
3.4.1. Descartes’ investigation into the foci of an oval and the identification of algebraic
expressions
The identification by Descartes of two algebraic expressions for the same quantity is to
be found in another fragment belonging to the second essay on ovals, Earum Descriptio et
Tactio. In this fragment [Descartes 1701a, p. 318], Descartes seeks two new foci G and H of
an oval previously determined by two foci A and B. Here, Descartes identifies two expres-
sions for DC ¼ x in terms of y. These two expressions are derived from those of the ray vec-
tors determined by the foci A and B, and by the sought-for foci G and H, using Pythagoras’
theorem.5957 In the fragment studied in the following section, Descartes makes a similar choice for the ratio
associated with the law of refraction. He denotes by 1 : c the ratio of the sine of the incident angle to
the sine of the refraction angle.
58 For a detailed presentation of ovals, see Warusfel in [Descartes 2009, pp. 773–775]. See also
Tannery’s Notes pour la classification des ovales [Descartes 1964–1974, X, pp. 327–328] and [Hara
1985, p. 51].
59 For further details, see the relation (25).
Fig. 10. Descartes [1701a], p. 14.
476 S. MaronneDescartes fails in his attempt for several reasons60: in particular, his identification of the
coefficients is faulty. However, it is significant to note that the technique of comparing the
coefficients of two expressions for the same quantity61 in order to solve a geometrical prob-
lem was part of Descartes’ toolbox when he wrote his essays on ovals, as can be seen from
the following quotation, which relies on the incomplete Fig. 10:60 Th
that
corre
[Hara
61 Bu
62 “N
GE ¼
2dyyþy
facio
deniqNow, from the first figure, I seek the two other foci G and H of the curve that has been
found and I stateGE ¼ g þ cy  dy; HE ¼ h þ y þ dy;GD ¼ g  x; HD ¼ h  x;
from which I seek x or DC, andDC ¼ 2dyy þ yy þ 2cdyy  ccyy þ 2gdy  2gcy þ 2hdy þ 2hy
2g  2h ;that is equal to the previous DC, namelyDC ¼ ccyy  yy þ 2ay þ 2bcy
2a þ 2b ;and first I make an equation between divisors, namelyg ¼ a þ b þ h;then an equation between the terms yy, and finally between the terms y [. . .]62e interpretation of the fragment is difficult: [Descartes 2009, n. 105, p. 792]. Note, in passing,
AT does not provide the “Ia figura” (Fig. 10 here) to which Descartes refers. With some
ctions, it is possible to determine the three foci of an oval in the way suggested by Descartes: see
1985, §3.11, pp. 67–68].
t not yet two equations.
unc, ex primâ figurâ, qu ro duos alios focos curv invent, qui sint G & H, & sumo
g þ cy  dy;HE ¼ h þ y þ dy;GD ¼ g  x;HD ¼ h  x, unde qu ro x vel DC, & sit DC ¼
yþ2cdyyccyyþ2gdy2gcyþ2hdyþ2hy
2g2h , quod  quatur priori DC, nempe DC ¼ ccyyyyþ2ayþ2bcy2aþ2b , & primò
 quationem inter divisores, nempe g ¼ a þ b þ h, deinde  quationem inter terminos yy, &
ue inter terminos y [. . .]” [Descartes 1701a, p. 318].
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Comparing my reconstruction of Descartes’ discovery of ovals to that of Hara (see
Sect. 3.2), one sees first that these reconstructions do not rely on the same fragment. Whereas
I try to continue the first unfinished fragment, which provides calculations, Hara examines the
results of the second fragment and regards the first fragment merely as a failed attempt.
As a consequence, the two reconstructions do not emphasize the same features of the
problem. I stress the role of Descartes’ method of normals and the identification of alge-
braic expressions as an essential tool in geometrical problem solving, which is confirmed
by Descartes’ investigation into the foci of an oval. Hara puts emphasis on the construction
of ovals and on the consideration of the third focus to solve the problem.
4. Descartes’ solution of an inverse normal problem
4.1. An investigation of an inverse normal problem
In the second essay on ovals, entitled Earum Descriptio et Tactio, Descartes states the fol-
lowing inverse normal problem:
Problem 4.1 (Inverse Normal). Given three points A, B, C. We seek the line whose apex is
point C, by means of which all the rays distributed in the glass as if they had come from point
A, are distributed as they go out of the glass surface, as if they had come from point B, or if
they had tended to B; or as if rays, distributed in the air as if they had come from point A, are
distributed in the glass as if they had come from point B.63
Here Descartes has modified the names of points in the diagram: A and B are the foci and C
is the apex of the oval.
In the fragments which composed this essay and the following one, Descartes investi-
gates different instances of this general problem according to—the respective positions of the foci according to that of the apex;
—the assumed position of the center F of the tangent circle according to that of the foci.
These positional issues are crucial since Descartes does not use negative coordinates and
relies on diagrams. Because he does not know a priori the shape of the ovals he is seeking,64
he needs to check by calculation that the position that he assumes for F is correct. Never-
theless, algebraically speaking, thanks to his calculations, Descartes has derived the expres-
sion of the ray vectors BE and AE. Indeed, he states them a priori and checks that he gets the
correct expression for the normal. In particular, he provides an outline classification of
ovals, according to the expressions of ray vectors and the various configurations involved.
I now study Descartes’ solution to one of the problems he investigates.63 “Datis tribus punctis A, B, C, qu ritur linea cujus ope radii omnes, in vitro dispositi tanquam si
venirent a puncto A, disponantur egrediendo ejus superficiem, cujus vertex sit in puncto C, tanquam si
venirent a puncto B, vel si tenderent versus B; vel denique ut radii, in aere dispositi tanquam si venirent a
puncto A, disponantur in vitro tanquam si venirent a puncto B” [Descartes 1701a, p. 313]. Once again,
I do not address the issues that specifically deal with dioptrics. See note 29.
64 Note that the fragments contain no drawing of an oval.
Fig. 11. The normal to an oval: original diagram, Descartes [1701a], p. 12.
478 S. Maronne4.2. The statement of a theorem
Descartes makes the following statement, which be can be interpreted as a theorem (see
Figs. 11 and 12).
Theorem 4.1. The point B falls between A and C, and F, the center of the tangent circle, falls
between A and B. If AE ¼ a  y, & BE ¼ cy þ b;FA to FB is like y þ a to ccy þ bc; i.e., the
inclination of the ray AE in the glass to the inclination of the BE produced into the air will be
like 1 to c;65
Following the notations of “Theorem” 4.1 and [Descartes 1701a, p. 315], we have thus
AC ¼ a;AE ¼ a  y;BC ¼ b;BE ¼ b þ cy. In addition, let66 CF ¼ v.
The oval studied by Descartes satisfies the bipolar equation
r þ 1
c
q ¼ a þ 1
c
b; ð22Þ
where r ¼ AE and q ¼ BE.
According to Descartes’ classification, this is an oval of the fourth genus, which is always
oviform. It allows the solution of a refraction problem with a ratio of the sine of the inci-
dent angle to the sine of the refraction angle equal to 1c.
Using the same proportions as in (7) and (8), which are derived from similar triangles
and the law of refraction, gives immediately, as Descartes states,67
FA : FB ¼ a  y
c2y þ bc : ð23Þ
This leads to an expression for v:
CF ¼ v ¼ ab þ abc  by þ ac
2y
a þ bc  y þ c2y : ð24Þ65 “Cadat punctum B inter A & C; & F, centrum circuli tangentis curvam, cadat inter A and B, si fiat
AE ¼ a  y, & BE ¼ cy þ b, erit FA ad FB ut y þ a ad ccy þ bc; hoc est, inclinatio radii AE in vitro
ad inclinationem radii BE producti in aere, ut 1 ad c ;” [Descartes 1701a, pp. 313–314].
66 Unlike the previous problem, Descartes considers the abscissa of the foot of the normal as in
La Géométrie. Descartes’ notation for this segment CF is f . For the sake of clarity, I use the notation
of La Géométrie.
67 Cf. [Descartes 1701a, p. 313].
Fig. 12. The normal to an oval.
The origins of Descartes’ method of normals 479As a check, the above expression for CF can be compared with that obtained by the method
of normals.68
4.3. Descartes’ reasoning
Descartes’ calculations [Descartes 1701a, p. 315] concerning “Theorem” 4.1 do not fol-
low immediately the statement of the result. Nevertheless, there is no mathematical doubt
that these calculations are connected with the statement, even if their respective order in
Descartes’ reasoning needs to be questioned.
These calculations,69 which lead to the double root equation in y and v, are the same as
those in Problem 3.1. In a nutshell, they rely on the following equalities deduced from
Pythagoras’ theorem:
AE2  AD2 ¼ BE2  BD2 ¼ EF2  FD2: ð25Þ
The first equality provides an expression for x in terms of y. Using the latter in the second
equality gives the double root equation
ða  yÞ2 þ 2ða  vÞy  a2 þ v2  s2 ¼ 0; ð26Þ
where s ¼ EF. By identifying this equation with a general double-root equation, it is easy to
check that it gives the correct expression for v. Observe that this kind of elimination relies
merely on a diagram and on Pythagoras’ theorem.7068 I do not agree with Hara that this fragment is grounded in the calculations involved in the
determination of FA and that consequently it would be posterior to those calculations. According to
Hara, it could have been mistakenly moved by the editors of 1701: [Hara 1985, p. 63 and pp. 65–66].
69 In passing, we note two copy errors in the equations provided by Descartes. The correct
expression for DC ¼ x is c2y2y2þ2ayþ2bcy2a2b . In the edited text, we find in the numerator cy2 instead of
c2y2 and in the denominator 2d  2b instead of 2a  2b. The expressions which follow these errors
are however correct, so it is more than likely that these errors result from the transcription made by
the editors of 1701. The second error is pointed out by Hara and by Costabel in the Additions: [Hara
1985, p. 62; Descartes 1964–1974, X, p. 693].
70 Exactly this kind of reasoning is found in Apollonius’ Conics, for example, in the determination
of the normal to the parabola. See [Maronne 2007, pp. 208–216].
480 S. MaronneConcerning calculations, note that in the equation derived from the equality
BE2  BD2 ¼ EF2  FD2;x2 appears both in BD2 and in FD2. There is therefore no point
in replacing x2 by its expression in y, since to do so would only complicate the calculations.
Initially, Descartes does include the substitution of x2 and gets a polynomial of fourth
degree in y [Descartes 1701a, p. 315], which allows him to derive the double root equation
in y. Subsequently, he spotted the way to simplify the calculations. Indeed, in similar calcu-
lations connected with other ovals in the fragments [Descartes 1701a, p. 317 and pp. 321–
323], as well as in La Géométrie [Descartes 1637b, p. 345], he keeps x2 in the expression ED2
before simplifying it.
Descartes then derives FA and FB fromCF ¼ v ¼ aby þ b
2y þ a2c2y  abc2y þ a2b  ab2 þ a2bc  ab2c
ay  bc2y þ ac2y þ by þ a2  ab þ abc  b2c : ð27Þ
He claims that if the numerator is divided by ða  bÞ2, then FA ¼ y þ a and FB ¼ c2y þ bc
(modulo the same denominator).71
Even if Descartes is only interested in the ratio (23), which arises immediately from the
previous expressions, he nevertheless checks the equivalent proportion to (7), which is
derived from the law of refraction [Descartes 1701a, p. 316].4.4. Descartes’ determination of the normal derived from a “general theorem for finding
tangents”
Descartes writes an expression for the normal FD2, which is a quadratic polynomial.
Note that he does not write an equation Pðv; s; yÞ ¼ 0 as in La Géométrie (see Fig. 13)72:71 De
simpl
simpl
72 Cf
73 “C
74 Th
quadrLet us seek now the point F which is the center of the tangent circle to the curve73 at point
E, & let FC ¼ f ,
yy  ccyy  2bcy  2ay þ 2af  2bf
FD ¼
2a  2b ;whose square FD, if it is added to square ED, gives the square74FE ¼ ﬃp 1
4aa  8ab þ 4bb ½ð4ab þ 4bb þ 4aacc  4abccÞyy
þ ð4af þ 4bfcc  4afcc  4bf Þyy þ ð8aab  8abb þ 8aabc  8abbcÞy
þ ð8abcf þ 8bbcf  8aaf þ 8abf Þy þ 4aaff  8abff þ 4bbff :scartes does not point out that dividing the numerator and the denominator by a  b leads to a
ified expression for CF. However, since the ratio FA:FB is the primary interest, such a
ification is superfluous.
. [Descartes 1637b, pp. 414–417]. I provide the reader with the original text in Fig. 13.
entrum circuli tangentis curvam.” My italics.
ere is an error in the text of 1701 which gives “lum,” i.e. rectangulum, instead of “tum,” i.e.,
atum.
Fig. 13. Descartes’ results: original text [1701], p. 12.
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pp. 6Thus, by a general theorem for finding tangents,75 I haveðab þ bb þ aacc  abccÞy þ ðaf þ bfcc  afcc  bf Þy
¼ ðaab þ abb  aabc þ abbcÞ þ ðabcf  bbcf þ aaf  abf Þand consequently the line f or the quantity of the line CF will be
aby þ bby þ aaccy  abccy þ aab  abb þ aabc  abbc
CF ¼ ay  bccy þ accy þ by þ aa  ab þ abc  bbc :
76
As far as is known, this passage contains the only appeal to a “general theorem for finding
tangents” prior to La Géométrie.
How did Descartes get the above result?77 What method did he use and was it truly gen-
eral? I claim that it depends only on the interpretation of the point of tangency between the
curve and the tangent circle as a double meeting point. More precisely, it does not require
the general method of indeterminate coefficients.
Descartes obtains a double-root quadratic equation in y and v that, in the interest of clar-
ity, can be written as
s2 ¼ a2ðvÞy2 þ a1ðvÞy þ a0v: ð28Þer generale Theorema ad inveniendas contingentes.” My italics.
. [Descartes 1701a, p. 316].
nnery writes: “Les développements sont si succincts qu’on est tenté de croire que Descartes
dait, pour l’application de sa méthode des tangentes, des moyens d’abréviation tout à fait
gues à ceux que nous fournit le calcul des dérivées” [Tannery 1899, p. 338]. Cf. also [Hara 1985,
5–66].
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2a2ðvÞy ¼ a1ðvÞ ð29Þ
and an expression for v.
Of course, Descartes did not differentiate the polynomial. Returning to the procedure to
which Descartes previously alluded [Sect. 3.3], I can explain Descartes’ shortcut as follows:
once you get your double root equation, make it equal to y2  2ey þ e, then just consider
the difference between the coefficients in y (“faciendo solum differentiam ¼ ½y”), and then
put y ¼ e (“& simul e ¼ ½y”). Of course, it holds only for a unitary polynomial, but the rule
can be easily modified for a nonunitary polynomial (you need to multiply 2e by the coef-
ficient in y2). Therefore, by equation (28), you get 2a2ðvÞe ¼ a1ðvÞ, and Descartes’ result is
obtained by substituting y for e.
In brief, Descartes’ claim is that you can find the expression for the double root (and then
that for v) of the quadratic equation associated with the normal problem simply by an iden-
tification involving the y coefficients of the equation. It is obvious for degree 2, but for
higher degrees much more is needed, i.e., the theorem of factorization for polynomials
and the general method of indeterminate coefficients. Moreover, with Descartes’ method
of normals, one cannot obtain v from a fixed algorithm.78 The latter can be done only with
Newton’s or Leibniz’s posterior methods.
I conjecture that in 1629 Descartes, by his “general method for finding tangents,” did not
intend much more than the above. The main premise of this conjecture deals with Des-
cartes’ solution to Pappus problem which provided him with more general algebraic curves
like cubics—for example, the so-called Cartesian parabola—only in the beginning of 1632.
Indeed, there is no hint that he previously tackled problems which involved curves given by
an algebraic equation and different from conics.79
In the fragment discussed above, Descartes does not, as in La Géométrie, introduce the
normal into the double root equation in y. He seems to calculate only the square of the nor-
mal and then identifies this expression to a double root equation. Algebraically speaking, it
makes no difference since in this case the normal plays no role in the calculations. A pos-
sible interpretation is that Descartes considers the normal as a minimal straight line. In this
case, FE is a minimum secant to the oval if and only if its square admits a double root.80
5. Concluding remarks
Descartes’ solution of the inverse normal problem that leads to ovals consists principally
in finding the abscissa of the foot of the normal v in two ways: by means of the law of
refraction (in order to get expression (9)); by means of the method of normals applied to
equation (15). To solve the problem, it is necessary only to check that the expressions of
the ray vectors BE and CE stated a priori for the proposed curve lead in both cases to
the same expression for v.78 On the difficulties dealing with the application of Descartes’ method of normals to any given
algebraic curve, see [Maronne 2007, pp. 147–183].
79 For instance, c.1625, Descartes gave a general construction of solid problems but by means of a
circle and a parabola, see [Bos 2001, pp. 255–260].
80 For an interpretation of Descartes’ method of normals in terms of minimum straight lines related
to Apollonius’ Book VII of Conics, see [Maronne 2007, pp. 185–216].
The origins of Descartes’ method of normals 483The finding of ovals led Descartes to switch coordinates and to invent parameterized
bipolar coordinates. The main difficulty which arises is working with the parameter y asso-
ciated with the ray vectors because it has no direct geometrical counterpart, a difficulty pre-
sumably Descartes himself encountered. A related difficulty deals with the geometrical
interpretation of the double root of the equation in the parameter y as a double meeting
point between the curve and the tangent circle.
I see here both modernity and classicism in Descartes’ approach. On the one hand, this
approach is modern because it gives a glimpse of the concept of variable quantity and is
based on the identification of simple algebraic expressions of the same quantity which pre-
figures the method of indeterminate coefficients. But it is still classical because it remains in
the frame of diagrammatic analysis and does not require the generality of La Géométrie, in
particular neither the general concept of an algebraic curve, nor the general method of inde-
terminate coefficients.
I believe that this generality originates in Descartes’ solution of the Pappus problem,
which is posterior. As a consequence, La Géométrie is the result of the conflation, in a short
time, of an insight of generality and of previous technical results achieved in an older realm,
essentially derived from Apollonius and rephrased in equations. The cement of that confla-
tion is the powerful method of indeterminate coefficients.
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